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Abstract. In this paper, we study conformal invariants that arise from nodal sets 
and negative eigenvalues of conformally covariant operators; more specifically, the 
^ ■ GJMS operators, which include the Yamabe and Paneitz operators. We give several 

applications to curvature prescription problems. We establish a version in conformal 
geometry of Courant's Nodal Domain Theorem. We also show that on any manifold 
of dimension n > 3, there exist many metrics for which our invariants are nontriv- 
ial. We prove that the Yamabe operator can have an arbitrarily large number of 
negative eigenvalues on any manifold of dimension n > 3. We obtain similar results 
for some higher order GJMS operators on some Einstein and Heisenberg manifolds. 
We describe the invariants arising from the Yamabe and Paneitz operators associated 
to left-invariant metrics on Heisenberg manifolds. Finally, in the appendix, the 2nd 
named author and Andrea Malchiodi study the Q-curvaturc prescription problems for 
non-critical Q-curvaturcs. 



1. Introduction 

Nodal sets of eigenfunctions were first considered in the 18th century by Ernst Chladni 
in his 1787 paper Entdeckungen iiber die Theorie des Klanges on vibrating plates. More 
recently, some important results about nodal sets were obtained by Courant [CH], Plei- 
jel [PI], Cheng- Yau [CYau] and Donnelly-Feffcrman [DF], among others. The geometry 
and topology of nodal sets and nodal domains of high energy eigenfunctions of the Lapla- 
cian have also been studied in quantum chaos, in particular in connection of random wave 
theory (see, e.g., [BS, NS, TZ]). 

Conformally invariant operators with leading term a power of the Laplacian A s have 
been central in mathematics and physics for over 100 years. The earliest known of these 
is the conformally invariant wave operator which was first constructed for the study of 
massless fields on curved spacetime (see, e.g., Dirac [Di]). Its Riemannian signature 
elliptic variant, usually called the Yamabe operator, controls the transformation of the 
Ricci scalar curvature under conformal rescaling and so plays a critical role in the Yamabe 
problem on compact Riemannian manifolds. A conformal operator with principal part 
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Ag is due to Paneitz [Pa], and sixth-order analogues were constructed by Branson [Brl] 
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Two decades ago Graham, Jenne, Mason and Sparling (G JMS) solved a major existence 
problem in [GJMS], where they used the ambient metric of Fefferman- Graham [FG1, FG3] 
to show the existence of conformally invariant differential operators Pk, g (to be referred 
to as the GJMS operators) with principal part Ajj'. In odd dimensions, k is any pos- 
itive integer, while in dimension n even, k is a positive integer no more than The 
k = 1 and k = 2 cases recover the Yamabe and Paneitz operators, respectively. Further- 
more, the GJMS operators arc intimately related to the Qfc-curvatures Qk,g identified by 
Branson [Br2, Br3] (see also Section 2); the <5« jS -curvature is also known as Branson's 
Q-curvature. 

The aim of this article is to study conformal invariants arising from nodal sets and nega- 
tive eigenvalues of GJMS operators. In particular, we give some applications to curvature 
prescription problems. Various authors have considered spectral theoretic functions asso- 
ciated to conformally covariant operators, e.g., Parker- Rosenberg [PR], Osgood-Phillips- 
Sarnak [OPS], Branson-0rsted [B01], Branson- Chang- Yang [BCY], Chang- Yang [CY], 
and Okikiolu [Ok]. However, to our knowledge this is the first time that nodal sets have 
been considered generally in the setting of conformal geometry. 

A first observation is that nodal sets and nodal domains of any null-eigenfunction of a 
GJMS operator arc conformal invariants (Proposition 3.1). In case of the critical GJMS 
operator P^, g , it can be further shown this feature is actually true for any level set (Propo- 
sition 3.3). Notice that these results actually hold for more general conformally invariant 
operators, including the fractional conformal powers of the Laplacian (see Remark 3.5). 

Here we look at the negative eigenvalues of the GJMS operators. In particular, we 
show that the number of negative eigenvalues of a GJMS operator is a conformal invari- 
ant (Theorem 4.2). It was shown by Kazdan- Warner [KW2] that the sign of the first 
eigenvalue of the Yamabe operator is a conformal invariant. We prove that this result 
actually holds for all GJMS operators (Theorem 4.3). Once again these results hold for 
general conformally invariant operators (see Remark 4.5). 

A natural question is whether, for a given operator, the number of negative eigenvalues 
can become arbitrarily large as the conformal class varies. We prove that this indeed the 
case for the Yamabe operator on any connected manifold (Theorem 4.6). The proof relies 
on a deep existence result of Lokhamp [Lo2]. We give a more explicit proof in case of 
products with hyperbolic surfaces, see Proposition 4.7. Furthermore, on the product 
of a hyperbolic manifold with a hyperbolic surface we construct hyperbolic metrics for 
which various higher order GJMS operators have arbitrary large numbers of negative 
eigenvalues (see Theorem 4.8 for the precise statement). In addition, we prove a version 
of Courant's Nodal Domain Theorem in conformal geometry: if the Yamabe operator has 
m negative eigenvalues, then its null-cigcnfunctions have at most m + 1 nodal domains 
(Theorem 4.10). 

The problem of prescribing the curvature (Gaussian or scalar) of a given compact 
manifold is very classical and is known as the Kazdan- Warner problem (sec [Au, KW1] 
and the references therein) . The extension of this question to Branson's Q-curvature has 
proved to be an important problem for the development of mathematical ideas (see, e.g., 
[BFR, Bren, CGY, CY, DM, DR, MS]). 

We also look at some constraints on curvature prescription in terms of nodal sets. A 
main result is Theorem 5.2 which states that, if it is a null-eigenfunction for the Yamabe 
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operator P\ iB and Q is a nodal domain of u. then 




v\\V g u\\ g d<j g Vv G C°°(M, R). 



Another main result is Theorem 5.4 which asserts that, if a function / is the scalar 
curvature of some metric in the conformal class of g, then there is a smooth function 
<jj > such that, for any null-cigenfunction u of the Yamabe operator and any nodal 
domain of u, 



As a corollary, we see that, if R g is the scalar curvature of some metric in the conformal 
class of g, then R g cannot be positive everywhere on 17. 

We illustrate our results on nodal sets and negative eigenvalues in the case of the Yam- 
abe and Paneitz operators for left-invariant metrics on a Heisenberg manifold r\H<i, ob- 
tained as the quotient of the (2d + l)-dimensional Heisenberg group by some lattice T. 
Using the representation theory of the Heisenberg group, we are able to give spectral res- 
olutions for the Yamabe and Paneitz operators (see Proposition 6.3 and Proposition 6.9). 
Interestingly enough, some of the cigenfunctions involve 0-functions. As a result, this 
enables us to explicitly describe their nodal sets (see Proposition 6.6). Furthermore, we 
can give lower bounds for the number of negative eigenvalues of the Yamabe and Paneitz 
operators, which shows that these operators can have an arbitrarily large number of 
negative eigenvalues; the bounds involve the volume of r\Hd (see Proposition 6.5 and 
Proposition 6.10). 

For Branson's Q-curvature it was shown by Malchiodi [Ma] (when J Q = 0) and 
Gover [Go3] (for the general case) that if the kernel of the critical G JMS operator contains 
nonconstant functions, then there is an infinite-dimensional space of functions that cannot 
be the Q" curva t,ure of any metric in the conformal class. 

In the appendix, by the second named author and Andrea Malchiodi, it is shown that, 
surprisingly, similar results are available for the non-critical Q- Curva tures; these are the 
curvature quantities Qk.g-, k ^ § . The main result is Theorem A. 2 which proves that for 
=/= u G kcr Pk t9 any function s u on M, with the same strict sign as u, cannot be Qu, g 
for any metric <? in the conformal class. In particular this potentially obstructs achieving 
constant Qfc- Curv ature (gee Theorem A. 5). Theorem A. 2 is also used to identify a space 
X of functions, determined by the conformal structure (and in general properly contained 
in C°°(M, R)), which contains the range of Qk,g, as g ranges over the conformal class (see 
Theorem A. 4 for the precise statement). 

Various open problems and conjectures are gathered in Section 7. Further invariants 
will be considered in a forthcoming paper [CGJP2]. 

The paper is organized as follows. In Section 2, we review the main definitions and 
properties of the GJMS operators and Q-curvatures. In Section 3, we study the nodal sets 
of GJMS operators. In Section 4, we study the negative eigenvalues of GJMS operators. 
In Section 5, we discuss curvature prescription problems. In Section 6, we study the 
nodal sets and negative eigenvalues of Yamabe and Paneitz associated to left-invariant 
metrics on Heisenberg manifolds. In Section 7, we present various open problems and 
conjectures. Finally, the appendix by the 3rd named author and Andrea Malchiodi deals 
with Q-curvature prescriptions for non-critical Q-curvatures. 

The results of this paper were announced in [CGJP1]. 
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2. GJMS OPERATORS AND Q-CURVATURES 

Let M be a Ricmannian manifold of dimension n > 3. A conformally covariant differ- 
ential operator of biweight (w,w') is a covariant differential operator P g such that, under 
any conformal change of metric g := e 2T g, T € C°°(M, R), it transforms according to 
the formula 

(2.1) Pg = e- w ' T P g e wT . 

An important example of a conformally invariant differential operator is the Yamabe 
operator (a.k.a. conformal Laplacian), 

n-2 
4(n- 1)' 

where is the scalar curvature. This is a conformally invariant operator of biweight 

(1-1=1 + 1)- 

Another example is the Paneitz operator, 

n-A ( 1 

2faZi)-»" sl 1 8(n-l) 2 



(2.2) P l>g := A g + — B fl , 



(2.3) P 2 „ := A 2 g + SVd H - < — - - A g R g + ^—^R 2 g -2\S\'- 



where Sij = ^^(R-iCg^ ~ 2(n-i) 9^) ^ s the Schouten-Weyl tensor and V is the tensor 
= 2™n-\) Rgdij ~ ac ting on 1-forms (i.e., V{uiidx l ) = (V^ J 'ujj)dx l ). The Paneitz 
operator is a conformally invariant operator of biweight — 2, ^ +2J. 

A generalization of the Yamabe and Paneitz operators is provided by the GJMS opera- 
tors. They were constructed by Graham, Jenne, Mason and Sparling in [GJMS] by using 
the ambient metric of Fcffcrman- Graham [FG1, FG3] (see also [GP, GZ, Ju] for formulas 
for, and features of, the GJMS operators). 

Proposition 2.1 ([GJMS]). For k = 1, . . . , ^ when n is even, and for all non-negative 
integers k when n is odd, there is a conformally invariant operator P^ = Pk,g of biweight 
(| — k, \ + k) such that 

(2.4) Pk, g = A g k ^ + lower order terms. 

When n is even the ambient metric is obstructed at finite order by Fefferman-Graham's 
obstruction tensor (see [FG1, FG3]). This is a conformally invariant tensor which agrees 
in dimension 4 this tensor agrees with the Bach tensor. As a result, the ambient metric 
construction of the GJMS operators Pk breaks down for k > ^, when n is even. In fact, 
as proved by Graham [GH] in dimension 6 and Gover-Hirachi [GH] in higher dimensions, 
in general there do not exist conformally invariant operators with same leading part as 
Ag for k > 7T when n is even. For this reason, the operator P&, g is sometimes called the 
critical GJMS operator. Notice that for Pa the transformation law becomes 

P 5 , e2 r s = e-" T P f , 9 VT e C°°(M,R). 

When n is even and the metric g is conformally Einstein, the Fcffcrman-Graham ob- 
struction tensor vanishes, and the ambient metric exists at any order. Therefore, in this 
case, the GJMS construction can be carried at any order. Furthermore, when g is actually 
Einstein, say Ric g = X(n — l)g for some A € R, it was shown by Graham [Gr2, FG3] and 
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Govcr [Go2] (see also Guillarmou-Naud [GN] for constant sectional curvature spaces) that 
(2.5) P k , a = [] (A ff + ~(n + 2j-2)(n-2j)). 



i<j<k 



The GJMS operators Pk, g are formally self-adjoint (see [GZ, FG2]). Moreover, they 
are intimately related to the Qfc-curvatures identified by Branson [Br2, Br3]. For k = 
1, • • • , § — 1 when n is even and for k € No when n is odd, the Qfc-curvature is defined by 

(2-6) Qk=Qk, g :=^^P k , g a)- 

When n is even, the Qzl -curvature (a.k.a. Branson's Q-curvature) is defined by analytic 
continuation arguments (see [B02, Brl]; see also [GZ, FG2]). 
For instance, it follows from (2.2)-(2.3) that 

1 In 

Ql > s = 2(^1)^ ^ ° 2 = 2(^1) Afli?9 + 8(77-1)^ ~ 2lS2j2 - 

As explained in [BG2], 

77 — 2k 

(2.7) P k , g = SS k . g d + -^—Q Kgi 

where Sk g is an operator acting on 1-forms. In particular, we see that the critical GJMS 
operator Pn kills the constant functions. It follows from (2.7) that, when k ^ under 
a conformal change of metric g := e g, T £ C°°(M,M), 

Qk, g = e-^ T Q Kg + -J— e -n^)5S k , g de r (%- k ). 
n-2k 

When n is even, for k = we have 

(2-8) Q f ,^e-" T Q f , s + e-" T P t , g (T). 

Finally, let us mention that there is a rather general theory for the existence of linear 
conformally invariant differential operators due to Eastwood-Slovak [ES]. Further con- 
formally invariant differential objects were also constructed by, e.g., Alcxakis [All, A12]. 



3. Nodal sets of GJMS operators 

Let (M n ,g) be a Riemannian manifold (n > 3). In addition, let k 6 No and further 
assume k < when n is even. 

It is convenient to look at a conformally covariant operator as a linear operator between 
spaces of conformal densities. Throughout the sequel we shall regard a conformal density 
of weight w, w G R, as a family (u§)ge[sl ^ C°°(M) parametrized by the conformal class 
[g] in such way that 

u e 2r g (x) = e- wT(x) u g (x) VT e <7°°(Af,R). 

We shall denote by £[w] the space of conformal densities of weight w. 

The space £[w] can be realized as the space of smooth functions of a line bundle over 
M as follows (see also [PR]). Denote by CO (n) the conformal group of R™, that is, the 
subgroup of GL n (R) consisting of positive scalar multiples of orthogonal matrices. The 
datum of the conformal class [g] gives rise to a reduction of the structure group of M to 
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the conformal group CO(n). Denote by E[w] the line bundle over M associated to the 
representation p w : CO(n) — > given by 

Pw (A) = \detA\% \/AeCO(n). 

Any metric g = e g, T £ C°°(M), in the conformal class [g] defines a global trivial- 
ization r g : E[w] — > M x R with transition map 

r 9 oT- 1 (s)=e ,oT ^ VzGM. 

This gives rise to a one-to-one correspondence between smooth sections of E[w\ and 
conformal densities. Namely, to any u £ C oc {M, E[w\) corresponds a unique conformal 
density (u§)§e[ s i in £ [u>] such that, for any metric g £ [3], 

Tg o = (x,w g (x)) Vie £ M. 

The property that the GJMS operator operator Pfc jS is conformally invariant of biweight 
(77 — k, t- + k) exactly means it gives rise to a linear operator, 



Pk :£ 



n 



n 
"2 



such that, for all u = (u g ) g£ [ g ] in £ [— ^ + k] , 

(P k u) g (x) = (P k , g u~ g )(x) Vg £ [g] Vx £ M. 

In particular, this enables us to regard the nullspace of Pk.g as a space of conformal 
densities. Clearly the dimension of kcr Pk. g is an invariant of the conformal class [g]. 
We observe that if u = (u g ) g ^[ g ] is a conformal density of weight w, then the zero locus 

(0) is independent of the metric g, and hence is an invariant of the conformal class 
[g] . Applying this observation to the null-eigenvectors of Pk we then get 

Proposition 3.1. Let k £ N and further assume k < ^ if n is even. 

(1) //dimkerP^g > 1, £/ien the nodal sets and nodal domains of any nonzero null- 
eigenvector of Pk,g give rise to invariants of the conformal class [g] . 

(2) //dimkerP/^g > 2, then (non-empty) intersections of nodal sets of null-eigenvectors 
of Pk,g arid their complements are invariants of the conformal class [g]. 

Remark 3.2. A connected component X of an intersection of p nodal sets should gener- 
ically be a co-dimension p submanifold of M , and in the case it is, the corresponding 
homology class in H n ^ p (M) would be a conformal invariant. 

Further interesting conformal invariants should arise from considering the topology 
of M \ X. For example, if dimAf = 3 and dimkerp; = 2, and Ui,u 2 £ kerPfe, then 
Af(ui) DAf(u2) should define a "generalized link" in M, and all topological invariants of 
that set and its complement in M would be conformal invariants. Related invariants are 
considered in [Ch, CR]. 

When k = ^ (n even) the nullspace of Pa is contained in the space £ [0] of conformal 
densities of weight and it always contains constant functions (seen as conformal densities 
of weight zero, i.e., a constant family of constant functions). 

Observe also that if u = (u g ) ge ^ is a conformal density of weight 0, then, in addition 
to the zero-locus, all the level sets {x £ M; u g (x) = A}, A £ C, arc independent of the 
representative metric g. Therefore, for the critical GJMS operator we obtain 

Proposition 3.3. Assume n is even. 7/dimkcrP^ > 2, then the level sets of any 
non-constant null- eigenvector of Pn. are invariants of the conformal class [g]. 
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Next, we mention the following result. 

Proposition 3.4. Assume M compact and k < Let u g £ keri\ g and let us regard it 

as a conformal density of weight — j + k. Then the integral / n ~ 2k dv g (x) is an 

Jm 

invariant of the conformal class [g] . 

Proof. Let g = e 2T g, v £ C°°(M, K), be a metric in the conformal class [g]. Then 

\u s (x)\^ dvg(x) = / e^ T ^u g (x) ^ e" T ^ dv g (x) = f \u g (x)\^ dv g (x). 
m Jm Jm 

This proves the result. □ 

Remark 3.5. Although stated for GJMS operators, the results of this section actually hold 
for any conformally covariant operator that yields an endomorphism on some function 
space. They even hold for conformally invariant pscudodiffcrcntial operators, including 
the conformal fractional powers of the Laplacian P s , g , s > 0, which extend the GJMS 
construction to non-integer orders (see [GZ, GQ]). More precisely, Proposition 3.1 holds 
verbatim for any such conformally invariant operator, and Proposition 3.3 (resp., Propo- 
sition 3.4) holds verbatim for any such conformally invariant operator of biweight (w, w') 
with w = (resp., w = § — k with k £ (0, §)). 

4. Negative eigenvalues of GJMS operators 

In this section, we look at the negative eigenvalues of GJMS operators. Throughout 
this section M n is a compact manifold (n > 0) and we let k £ N (and further assume 
k < j when n is even). 

Let Q be the set of Riemannian metrics on M equipped with its standard Frechet- 
space C°°-topology (in fact for our purpose the C 2fc -topology is enough). As mentioned 
in Section 2, given any metric g on M, the GJMS operator P]. g is self-adjoint with respect 
to the inner product defined by g. Moreover, as it has same leading part as it has a 
positive principal symbol. Therefore, it spectrum consists of a sequence of real eigenvalues 
converging to oo. We thus can order the eigenvalues of Ph,g as a non-decreasing sequence, 

M(Pk,g) < A 2 (Pfc, 9 ) < ••• , 

where each eigenvalue is repeated according to multiplicity. Notice that by the min-max 
principle, 

(4.1) ^j(Pk.g) = inf sup {P k>g u,u). 

BCC°°(M) u( z E 
dim_E=j ||«|| = 1 

Lemma 4.1 ([Ca, CP]). For every j £ N, the map g — > ^j(Pk,g) is continuous from Q 
to E. 

For any g £ Q , we define 

M(J) :=#{J£N; Xj(Pk, B ) < 0}. 

In addition m £ N, define 

Gk,m '■= {g G G] Pk,m bas at least m negative eigenvalues} . 

Notice that Q k ^ n = {g £ Q;v k (g) > m} = {g £ Q; A m (Pfc i9 ) < 0}, so it follows from 
Lemma 4.1 that Gk.m is an open subset of G- 
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Theorem 4.2. Let g G Q . Then Vk{g) is an invariant of the conformal class [g]. 

Proof. Let g € G, and set m = Vk{g) and I = dimkerPfc jg . Thus Xj(Pk. g ) < for j < m, 
and Xj(Pk.g) = for j = m + 1, ■ ■ ■ , m + I, and \j(Pk. g ) > for j > m + 1 + 1. Let S 
be a positive real number < min{|A m (Pfc iff )|, X m +i+i(Pk,g)}- It follows from Lemma 4.1, 
if a metric g in the conformal class [g] is close enough to g, then X m {Pk,g) < — 5 and 
A m +i+i(Pfe j g) > (5. That is, the only Xj(Pk, g ) that are contained in the interval [—5,(5] are 

A m +l(Pfe,g), ' ■ ■ ,Kn+l{Pk,g)- 

As mentioned in Section 3, the dimension of kerPfc jS is an invariant of the conformal 
class [g], so dimkerPfc g = I, i.e., there are exactly I of the Xj{Pk,g) that are equal to 0. 
Since we know that the I eigenvalues A m +i(pcg), • • • , \ m +i{Pkg) are the only eigenvalues 
that are contained in [—5,(5], it follows that A m+ i(p;,g) = ••• = X m +i(Pk, g ) = 0. As 
A m (Pfe,g) < 0, we then conclude that Vk{g) = m. 

All this shows that the map g — > Vk{g) is locally constant when restricted to the 
conformal class [g] . As [g] is a connected subset of Q (since this is the range of C°° (M, M.) 
under T — > e 2T g), we deduce that Vk{g) is actually constant along the conformal class 
[g]. This proves the proposition. □ 

It follows from Theorem 4.2 that the number of negative eigenvalues of each GJMS 
operator defines a partition of conformal classes. 

A result of Kazdan- Warner [KW2, Theorem 3.2] asserts that the sign of the first 
eigenvalue Ai(Pi ig ) is an invariant of the conformal class [g]. Notice that 

(i) M p k,g) < if and only if u k {g) > 1. 

(ii) Ai(p £iff ) = if and only if dimkerP^ g > 1. 

(iii) \i(Pk, g ) > if and only if dimkerPj. ^ = Vk(g) = 0. 

Therefore, as a result of the conformal invariance of dimkerPfc >g and Vk{g), we obtain the 
following extension of Kazdan- Warner's result. 

Theorem 4.3. The sign of the first eigenvalue Xi(Pk, g ) is an invariant of the conformal 
class [g]. 

Remark 4.4. Let go be a metric of constant scalar curvature in the scalar curvature. 
As the nullspace of the Laplacian consists of constant functions, Ai(Pi igo ) = j^r^Rgo- 
Therefore, the sign of Ai(Pl i9 ) agrees with that of the constant scalar curvature R go . We 
also see that Ai(Pfc j9 ) = if and only if R go = 0. Furthermore, in that case kerPi igo 
consists of constant functions and kerPi. g is spanned by a single positive function. 

Remark 4.5. Both Theorem 4.2 and Theorem 4.3 hold verbatim for any conformally 
invariant pscudodiffcrcntial operator acting on functions or even on sections of a vector 
bundle. In particular, they hold for the fractional conformal powers of the Laplacian on 
functions. 

The question that naturally arises is whether Vk{g) can be arbitrary large as g ranges 
over metrics on M . The following shows this is indeed the case when k = 1 (i.e., Pk t9 is 
the Yamabe operator). 

Theorem 4.6. Assume M connected. Then, for every m G N, there is a metric g on 
M such that the Yamabe operator Pi g has at least m negative eigenvalues counted with 
multiplicity. 
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Proof. By a result of Lohkamp [Lo2, Theorem 2], given A > 0, there is a metric g on M 
such that 

(i) The m first positive eigenvalues of the Laplacian A gk counted with multiplicity 
are equal to A. 

(ii) The volume of (M,g) is equal to 1. 
(hi) The Ricci curvature of g is < —m 2 . 

The condition (hi) implies that R gm < ~nm 2 . Combining this with (ii) shows that, for 
all ueC°°(M), we have 

(Pi, g u,u) = (A g u,u) + / R g (x)\u(x)\v g (x) 



Assume A < j^^nm 2 and denote by E the eigenspacc of A 9 associated to A. Notice 
that E is a subspace of C°°(M) and has dimension k > m. Moreover, if u a unit vector 
in E, then (4.2) shows that (Pi^ g u,u) < A — fezrn nm2 < Combining this with the 
min-max principle (4.1) we see that A r „(Pi j9 ) < Xk(Pi, g ) < 0. Thus, Pi iS has at least m 
negative eigenvalues counted with multiplicity. The proof is complete. □ 

More explicit construction of metrics with an arbitrary large number eigenvalues can 
be given in the case of a product with a hyperbolic surface. 

Assume n > 4 and let (N n ~ 2 ,gi) be a compact Riemannian manifold and (£,32) a 
hyperbolic surface of genus > 2. Given t > we equip the product M := N x £ with the 
product metric gt := g\ ® 1 + 1 ® i _1 t/2- 

Proposition 4.7. For any m € N, we can choose g 2 andt such that the Yamabe operator 
Pi gt has at least m negative eigenvalues. 



Proof. The scalar curvature of gt is R gt = R g — 2t, so the Yamabe operator on (M,g t ) is 

n-2 
4(n- 1)' 



Pi )St = A 91 <g> 1 + t(l <g> A S2 ) + ^ ^ (iZ fll - i), 



where A 9l (resp., A ff2 ) is the Laplacian on JV (resp., £). 

Let A be an eigenvalue of A g2 and let u be an eigenfunction associated to A. If we regard 
u as a function on M, then P\. gt u = tXu + gj^Ern (R91 ~ Set A* := su Pa;ev -^si ( a; )- 
Then 

(4.3) (P lift , «) < (iA + 4( ^~ 2 1) (/i - 2t)) (u, u) < t (x - 2( "~ 2 1} + r Vj («, «)• 

Let m e N. Observe that „, n ~ 2 ., , = i — „, 1 > i since n > 4. Therefore, we 
may choose t large enough so that 2 (n-i) ~t~ 1 f JL > j- Then by [Bu, Theorem 4] we 
can choose the metric g 2 so that A g2 has at least m eigenvalues A < — 2 (n-i) + ^ V- 
If u is an eigenfunction of u associated to such an eigenvalue, then (4.3) shows that 
(Pu, u) < 0. Therefore, the quadratic form defined by Pi, gt is negative definite on an Tri- 
dimensional subspace of C°°(M). Applying the min-max principle (4.1) then shows that 
Xm(Pi,g t ) < 0, i.e., Pi :9t has at least m negative eigenvalues. The proof is complete. □ 
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Next, we construct explicit examples of products of hyperbolic manifolds for which 
various higher order GJMS operators have an arbitrarily large number of negative eigen- 
values upon varying the metric. 

Let (N n ~ 2 , #1) be a hyperbolic manifold and (E 2 , 32) a hyperbolic surface of genus > 2. 
We equip the product manifold M := N x £ with the product metric g := g 1 <E)l + 1 <8> <?2- 
Notice that (M, g) is an Einstein manifold and Ric = — g. 

Theorem 4.8. For every m G N, we can choose the (hyperbolic) metric g2 on £ so that 
the GJMS operator Pk.g has at least m negative eigenvalues for all odd integers k < 7 -^~- 
If we further assume that n = 41 or n = 41 + 1 for some I G N, then the same conclusion 
holds for all integers k > ^ . 

Remark 4.9. As (M,g) is Einstein, the GJMS operators Pk are defined for all integers 
k > t£ even when n is even. 

Proof of Theorem 4-8. As Ric = —g, Eq. (2.5) gives 

(4-4) P k , g = [] ( A 5-Mj), H ■= (n + 2j-2)(n-2j). 

i<j<k ^ n > 

Notice also that the Laplacian on M is A s = A 9l 1 + 1® A g2 , where A gi (resp., A g2 ) 
is the Laplacian on N (rcsp., E). 

Let A be an eigenvalue of A g2 and let u be an eigenfunction associated to A. If we 
regard u as a function on M, then A g u = A 52 u = Am. Combining this with (4.4) we then 
see that u is an eigenvector of Pk, g with eigenvalue 

(4.5) A fe := [] (A 

i<j<k 

Observe that 4(n— l)fij = (n— l) 2 — (2j — l) 2 , so /ij > Hj+i for j > \. Moreover, /i^. = 
and fir^i = ^ffj = \ - 3 ^ i rT y > \. Incidentally, ^ > when j > f . 

Let m G N. As ^ > j and E has genus > 2, a result of Buser [Bu, Theorem 4] 
ensures us that we can find a hyperbolic metric 172 such that the Laplacian A 92 has at 
least m eigenvalues contained in (0, [i n-i ). Let A be such an eigenvalue and assume that 

fc is an odd integer < 2^-. Then A — /ij < A — /ife < A — < for j = 1, ■ ■ ■ , fc, 

and so the eigenvalue A& in (4.5) is the product of k negative numbers. As k is odd, it 
follows that Afe is a negative eigenvalue of Pk.g- This enables us to produce m negative 
eigenvalues for this operator. 

Assume further that m = 41 or m = Al + 1 for some I € N and suppose that k is an 
integer > ^. Then the integral part ko = f 2 ^] is an odd number and we can write 

A fc = A' fc A feo with A' k := (A - fij) ■ 

k + l<j<k 

Notice that Ak < since ko is an odd integer < Moreover, as ko + 1 > ^ we see 

that fij < for all j > k + 1, and hence A' fc is a positive number. It then follows that Afc 
is a negative eigenvalue of P k ,g, and so this operator has m negative eigenvalues for this 
operator. The proof is complete. □ 

Finally, we establish a version of Courant's Nodal Domain Theorem in conformal ge- 
ometry. 
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Proposition 4.10. Assume that the Yamabe operator Pi jS has m > 1 negative eigenval- 
ues. Then any null eigenfunction of P\ t g has at most m+ 1 nodal domains. 

Proof. By Proposition 3.1 the nodal domains of P\, g arc conformal invariants. Therefore, 
without any loss of generality we may assume that the scalar curvature R g is constant. 
Then the eigenvalues of P\ t9 are obtained by adding c = 4 £l 2 ]S Rg to the eigenvalues of 
the Laplacian A g and the corresponding eigenspaces agrees. 

Let u G ker Pi jff . By assumption Pi_ g has m negative eigenvalues, so the eigenvalue A = 
is the j-th eigenvalue of Pi g for some j > m. It then follows that u is an eigenfunction 
of A 9 for its j-th eigenvalue. Applying Courant's Nodal Domain Theorem ([CH]) then 
shows that u has at most m + 1 nodal domains and completes the proof. □ 

5. Curvature prescription problems 

In this section, we look at some constraints on curvature prescription. Further results 
are given in Appendix. 

Throughout this section we let (M n ,g) be a compact Riemannian manifold (n > 3). 
Given k G N (further assuming k < ^ if n is even) , the problem of conformally prescribing 
Qfc-curvature is that of determining which functions are the Qfc-curvature Qk,g for some 
metric g in the conformal class [g]. In other words, we seek to characterize the range 
Tl{Qk) of the map 

(5.1) Q k : [g] 3 g^Q k , g eC°°(M,R). 

Let us first make some elementary observations on J M R g udv g with u G kcrPi i9 . As 
Qi_ g = 2 (n-i) -R-g> usm S elementary spectral considerations and expression (A. 4) in the 
Appendix, we obtain 

Proposition 5.1. Assume that the scalar curvature R g is constant. Then 

R g udv g = Vu € kerP ljS . 
In addition, if g = e 2T g. T £ C°°(M 1 S.), is a metric in the conformal class [g], then 

/ cH^ T R g udv~g , = Vit G kcr Pi i9 . 

JM 

Next, we consider the scalar curvature restricted to nodal domains. 

Theorem 5.2. Let u G kcr(Pi. g ) and let Q be a nodal domain of u. Then, for all 
v G C°°{M), 

/ HPi,g(v)dv g = - / v\\Vgu\\gda g) 
Jn Jan 
where o~ g is the surface-area measure of dQ. 

Proof. Observe that u has constant sign on f2. In addition, let v be the outward unit 
normal vector to the hypersurface 90. Then d u u agrees with — ||V g u|| g (rcsp., ||V s u|| 9 ) 
on dn in case u is positive (resp., negative) on fi. Therefore, upon replacing u by — u if 
needed, we may assume that u is positive on Q. 

Let v G C°°(M). As Pi l5 u = and the Yamabe operator agrees with the Laplacian 
A g up to a the multiplication by a function, we have 



' M 

-,2T , 



in 



\U\ Pl^g(v) dVg = / {uPlgV ~ V Pi >g U) dV g = / (uAgV — vAgU) dV g 

Jn Jn 
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Notice that uA g v — vA g u = u div (Vu) — u div (Vu) = div (mVd — vVu). Therefore, using 
the divergence theorem we see that Jo \u\ Pi,g{v) dv g is equal to 



div (mVjj — vVu) dv g = (ud u v — vd v u) da g = v || V g u|| g do~ g , 

Jan Jon 

where we have used the fact that u = and d v u = — ||V g it|| g on <90. The proof is 
complete. □ 

Decomposing the manifold into a disjoint union of positive nodal domains, negative 
nodal domains and the nodal set of u, and applying Proposition 5.2 we obtain 

Corollary 5.3. For all u g kerPi, g and v g C°°(M), 

\ \u\Pi, g (v)dv g = -2 / v\\V g u\\ g da g , 
Jm JN(u) 

where Af(u) is the nodal set ofu. 



Theorem 5.4. Let f g C°°{M) be the scalar curvature of some metric in the conformal 
class [g]. Then, there is a positive function uj € C°°(M), such that, for any u G ker(Pi ig ) 
and any nodal domain fi of u, 

f\u\uidv g < 0. 



Proof. By assumption / = R g for some metric g = e 21 g, T g C°°{M, R). Thus Pi, g (l) = 
4(n-i) = i(n- !*) /■ -^ ct u € ker(Pi >g ) and let be nodal domain of u. In addition, set 



" T and u = e 2 T it. Then 



(5.2) [ f\u\u>dv 3 = I \u\fdv g = " 2 / |fi|P liS (l)^ g . 

As the kernel of the Yamabe operator consists of conformal densities of weight ^j^, 
we see that u is contained in Pi !9 and f2 is a nodal domain for u. Therefore, applying 
Theorem 5.2 to u and v = 1 we get 



n + 2 

e 2 



T M/^ = -7T TT / \\V g u\\ s d<T g <0 



4(n 



9f2 



Combining this with (5.2) yields the result. □ 

Theorem 5.4 seems to be new. We remark that when dimker(Pi ig ) > 1 this gives 
infinitely many constraints on P g . 

Remark 5.5. The inequality in Theorem 5.4 is strict. Indeed, by Corollary 5.3 the integral 
is clearly nonpositive, and the only way it can vanish is if ||V g u|| = on the boundary 
d£l of the nodal domain of u. So, u = Vit = on dVL. It is easy to see that conformal 
changes of metric preserve those conditions for eigenfunctions in ker(Pi iS ), so without 
loss of generality we may assume that the scalar curvature is constant. But then u is 
an eigenfunction of the Laplacian A g , and by the maximum principle u = in fi, which 
contradicts the unique continuation property for eigenfunctions of A g . 

Corollary 5.6. Let u g ker(Pi, g ) and let ft be nodal domain ofu. Then, for any metric 
g in the conformal class [g], the scalar curvature R g cannot be everywhere positive on J7. 
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Let u £ ker(Pi iff ) and let il be nodal domain of u. Given any metric g = e g, 
T € C°°(M,M), in the conformal class [g] we define 



4(n- 1) 



z Jan 

where we have set w = e~ ~ r u. 

Proposition 5.7. For all metrics g in the conformal class [g], 



T{u,n,g) = / \u\R g dv g . 
Jn 



u 



Proof. Let g = e g, T <E C°°(M, R), be a metric in the conformal class [<?]. Set 
e - T u and v = e~ ~ T . As pointed out in the proof of Theorem 5.4, u lies in kerP^g 
and is a nodal domain. Applying Theorem 5.2 to u and i> then gives 

n-2 



4(n- 1) 



T(u,fl,g) = - v\\V g u\\g da g = \ \u\P^ g vdv 



f ' 


\\VgU 


Jdn 




= er 


2 1 j 






I- 




Jn 





n 



As P lid « = e ~^ T P (e^ T • e^ T ) = e-^Px^l) = j^e-^Rg, we get 



- e ' J- \* * ■ c - y — «= ^ ' l ji? W - 4(n-l) c Jt 3 

T(u,n,g)= I \u\e-^ l Rgdv g = I e^ 1 \u\e~^ 1 R g e nl dv g ^ I \u\R g dv g . 
In Jn Jn 

The result is proved. □ 

Proposition 5.7 provides us with some conserved quantities for the conformal class. In 
particular, if R g is constant, then we obtain 

T(u,il,g) = R g \\u\\ L i(oy 

Finally, let k <E N and further assume k < j — 1 when n is even. We look at conformal 
classes containing a metric for which the Q^-curvature is zero. 

Proposition 5.8. The following are equivalent: 

(1) The kernel of Pk, g contains a nowhere vanishing eigenf unction. 

(2) There is a metric g in the conformal class [g] such that Pfe i g(l) = 0. 

(3) There is a metric g in the conformal class [g] such that Qk, g is identically zero. 

Proof. As by definition Qk y9 = ra ^ 2fc Pfc,g(l), the equivalence of (2) and (3) is immediate. 
Furthermore, the conformal invariance of ker Pk,g as a space of conformal densities of 
weight k — t£ ^ implies that kerPfc iS contains a nowhere vanishing function if and only 
if there is a metric g in the conformal class [g] such that kerp £j g(l) = 0. This proves the 
equivalence of (1) and (3) and completes the proof. □ 

In conclusion, we would like to mention a recent paper of Fardoun-Regbaoui [FR] . In 
that paper the authors study the Q~ curva ture prescription problem on even-dimensional 
conformal classes for which the kernel of the critical GJMS operator is nontrivial kernel 
(i.e., it contains non-constant functions). Interestingly enough, sufficient conditions for 
convergence of the Q-curvature flow in [FR] involve nodal domains of eigenfunctions in 
the kernel of the critical GJMS operator. 
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6. The Yamabe and Paneitz Operators on Heisenberg Manifolds 

In this section, we explicitly the eigenvalues and nodal sets of the Yamabe and Paneitz 
operators on Heisenberg manifold. 

6.1. The setup. Let be the (2d + l)-dimcnsional Heisenberg group, i.e., the 2- 
nilpotcnt subgroup of GLrf + 2(K) of unipotent matrices. Any A £ Md is of the form, 

A = I 1 y T J , x,y £ R d , tel. 
\0 lj 

We shall use coordinates x = (x\, ■ ■ ■ Xd), y = (j/i, ■ ■ • , yd) and t as above to represent an 
element of ELj. 

Let r = (n, • • • , rd) £ Z d be such that rj\rj + i for j = 1, • • • ,d — 1 and consider the 
lattice subgroup, 








.r 






!(: 


1 











1/ 



1 y J ; x G Z<\ y G nZ x ■ ■ • x r d Z, t £ Z 
\ ) 

In addition, consider the quotient manifold, 

M := r r \H d . 

This is a compact manifold with fundamental group HLj. Moreover, a fundamental domain 
for this quotient is 

D = [0,l) d x[0,r 1 )x---x[0,r d )x[0,l). 
A frame of left-invariant vector fields on is provided by the vectors, 

X-— Y-- — +X- T-- 

3 ~ dxf J ~ d Vj + 3 dt' ~ at' 

where j ranges over 1, ■ • • ,d. The standard contact form on fid is the left- invariant 1-form 
given by 

:= dt — Xjdyj. 

l<j<d 

Notice that the 1-forms dxj and dyj are left-invariant too. 
Let s > 0. We endow with the left-invariant metric, 

(6.1) g s := V] dxj g> dxj + ^ s ~ 2d V] ® + s2d # ® 

l<j<d l<i<d 

This is the type of left-invariant Riemannian metrics considered in [GW] . Notice that the 
volume of M with respect to g s is independent of s and is equal to 

|r r | := n ■■■Td- 

Notice that {Xj, sYj , s~ d T} is an orthonormal frame for this metric. Moreover, det g s = 
1. Therefore, the Laplace operator A ffa on is given by 

(6.2) A 9s = - J2 ( X J + S X 2 ) ~ s - 2d T 2 . 

i<j<d 
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In addition, it follows from the results of [Je] that the Ricci tensor of g s (seen as a 
(0, 2)-tensor) is given by 

Ric Ss = -i s 2d+2 ^2 {dxj ® dxj + s~ 2 dyj <g> c%) + ^s 4d+2 9 ® 6> 

l<j<d 

(6.3) = -is 2d+2 .g + il±ll s 4rf+2 g _ 

We then get the following formula for the scalar curvature, 

(6.4) ^=-^+3. 

6.2. Spectral resolution of the Yamabe operator. As all the objects above are left- 
invariant, they descend to M. In particular, the Laplacian A 9s on M is given by (6.2), 
where the vector fields Xj, Yj and T are meant as vector fields on M. Therefore, com- 
bining this with the above formula for the scalar curvature we obtain 

Proposition 6.1. The Yamabe operator of(M,g s ) is given by 

i<o<d 

The spectral resolution of A gs on M is intimately related to the representation theory 
of Hrf. Indeed, the right-action of on itself descends to a right-action on M, and hence 
the right-regular representation descends to the unitary representation 

p : U d — > L 2 {M). 

This representation can be decomposed into irreducible representations as follows. 
Recall that the irreducible representations of are of two types: 

(i) The characters X($, v ) ■ -> C, (£, rj) G W l x W l , given by 

(6.5) X (t, v )(x,y,t)=e 2i ^- x+ ™\ 

(ii) The infinite dimensional representations tt/i ■ — > C (L 2 (R d )), h £ W, defined 
by 

(6.6) M.t, y, t)f] (0 := e 2 ^(t+y<) f ^ + x) V/ G L 2 (R d } . 
We observe that for the characters X(£,ri) we have 

(6.7) x jX(s, n ) = 2i <iX(?, 7? ), Y iX(£, v )(Yj) = 2wi7frX( £ , J7 ), T X(e lJ7 ) = °- 
For the representations 7r/j, we have 

(6.8) dir h (X j ) = J^, dir h (Y J ) = 2iThS j , dn h (T) = 2iirh. 
For neZ, define 

:= {/ G i 2 (M); = e 2mTt 5 (x, y)} . 

In particular, "H is the space of functions that do not depend on the t-variablc. 
Define 

A = Z d x ((nZ) x • • • x (r d Z)) , 
A' = {(/i, i/) G M d x R d ; jj, ■ x + v ■ y G Z V(ar, y) G A}. 
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Notice that A is the lattice of R 2d given by the image of T under the projection (x, y, t) 
(x, y). The set A' is its dual lattice. 
Let neZ'. We set 

A n := |o= (oi,--. ,a d ) G M. d ; a, e jo,^,--- >^tp}}> 
B:= {b=(h,--- ,b d );bj e fo,-j-, ■■• 



For a&An and 6 e 8, we define the operator W^ b : L 2 (R d ) -> L 2 (M) by 
W%< b f(x, y, t) = e 2l7mt ^ f{x + k + a + b) e 2t ^ k+a+b ^ y . 

k£Z d 

This is an isometry from L 2 (R d ) into T-L n (see [Fo]). We then let 

n a n b := WZ' b (L 2 (R d )). 
Proposition 6.2 (Brczin [Brez]). We have the following orthogonal decompositions, 

L 2 (M) = ($H n , 

fu,i/)eA' aSX„ 

Moreover, each operator W^' b is an intertwining operator from n n to the regular repre- 
sentation p. In particular, the multiplicity of ir n in p is equal to \n\ d \ri ■ ■ ■ r<j = |n| d |L r |. 

Thanks to this result the spectral analysis of A 9s on L 2 (M) reduces to the spectral 
analysis on each of the irreducible subspaces Cx( AI ,^) and 'H n ' b ■ 
Let (£,77) £ A'. Then from (6.2) and (6.7) we see that 

A 9sX(^) =4 7 r 2 (|£| 2 + S 2 |7y| 2 ) X( ^ ) . 

That is, is an eigenfunction of A 9s w.r.t. the eigenvalue A = 47r 2 (|£| 2 + s 2 |?7| 2 ). 

Let n e Z*. Using (6.2) and (6.8) we get 

d7r„(A 9 J= £ (-9 2 j+ 4n 2 S V£ 2 )+4n 2 .s- 2 V. 
l<J<d 



Under the change of variable rjj = y/2n\n\s £j this becomes 

2^|n| s (-^+^)+4n 2 S " 2 V. 

i<j<d 

Recall that on R that an orthogonal eigenbasis of L 2 (R) for the harmonic oscillator 
— -£j2 + is given by the Hermite functions, h^{v), k € No, such that 

MO := (-l) fc J^e"K f-Jjl + v 2 \ h k (v) = (1 + 2k)h k (v). 

Notice that hk(v) is a polynomial of degree k. 
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From all this we deduce that an orthogonal basis of cigcnfunctions of dir n ( A 9s ) is given 
by the functions, 

i<j<d 

in such way that 

dn n (A g Jf a = (2n\n\s(d + 2\a\) + 4n 2 S - 2d n 2 ) f a . 

Notice that each eigenvalue 27r|n|s(<i+2|Q;|)+4n 2 ,s~ 2d 7r 2 occurs with multiplicity ^ ^ _^ 

As intertwines from 7r n to the regular representation p, we sec that an orthogonal 
cigenbasis of T-L^ h for A 9s is given by the functions, 

W%' b f a (x, y, t) = e 2m7rt J2 U(? + k + a + i) e ^{k+ a +by v 
fcez d 

(6.9) = e 2m7rt ^ Y[ h aj U/^\s (a;,- + k 3 + aj + bj)) e 2m7r ^ +a+b ^^ 

k£Z d l<J<d 

= e 2m7rt 11 J h <*J (Xj + kj + a 3 + bjfj e 

l<j<d IfcGZ 

Each Wn' b f a is an eigenfunction for the eigenvalue 27r|n|s(d + 2|a|) + 4n 2 s~ 2d ir 2 . This 

eigenvalue has multiplicity In^ri ■•■ r c i ^ ^ ^ in "H„. 

As it turns out, for a = the function W®' b fo can be expressed in terms of Jacobi's 
theta function, 

0( Z|T ) : = J^e^^e 2 *'**, z,t G C, 3r > 0. 

fcez 

If a = 0, then h a . (v) = ho(v) = e~^ v for j = 1, ■ • ■ , <i. Moreover, for u > and c € R, 
we have 



2imr(k-\-a J rb)yj 



h (v/^H^ (« + fc)) e 2in7r ( fe+£ > = ^ e-'l"'*^ 



+fc) 2iri7r(/c+c)i; 



2irt7rcTJ \ ^ — 7r|n|s(u 2 +2fcii+ii 2 ) 2m7rfei; 



fcGZ 

where ± is the sign of n. Applying this equality for u = Xj+aj + bj, v = yj and c = aj + bj 
and using (6.9) we get 

WZ>»f (x,y,t) = 

= e 2 t nnt -Q | e - 7 r|n| S ( a;j +a J +b J ) 2 e 2 l „ 7 r(a 3 +( )j )^ ^ ± + + ^ i| n | S )\ 

l<j<d 

(6.10) =e 2 l n 7 rt e - 7 r|„| S |x+a+6| 2 e 2 l „ 7 r(a+6). 1 , ' ' # ( % . ± j s ( Xj . + % . + ^ i| n | s ) . 

l<7<d 
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Combining the previous discussion with Proposition 6.1 we obtain 

Proposition 6.3 (Compare [GW, Theorem 3.3]). Assume M = T r \Md is equipped with 
the metric g s given by (6.1). 

(1) An orthogonal eigenbasis of L 2 (M) for the Yamabe operator Pi,g s is given by the 
join, 

(6.11) {x^ny, (£,»/)€ A'} U0C 6 /a; (n,a,b,a)eZ*xA n xBxN d }. 

The characters X(£.»;) are given by (6.5). The functions W^ b f a are given by (6.9), 
which reduces to (6.10) when a = 0. 

(2) Each character X(£. v ) is an eigenfunction of P\.g s with eigenvalue 

(3) Each function W^' b f a is an eigenfunction of P\. Ss with eigenvalue 

fx(n, \a\) := 2ir\n\s(d + 2|a|) + 4n 2 s" 2 V - ^-l s 2rf + 2 . 

This eigenvalue has multiplicity |n| d |r r |^ ^ ^ ^ inH n . 

Remark 6.4 (See also [GW, Theorem 3.3]). The above considerations also provides us 
with a spectral resolution of the Laplacian A 9s . More precisely, we see that 

(i) Each X((,,ri) is an eigenfunction of A 9s with eigenvalue 

(6.12) A (^):=4^(|£| 2 + S 2 M 2 ). 

(ii) Each function W£ b f a is an eigenfunction of Pi l9s with eigenvalue 

(6.13) fx (n, M) := 27r|n|s(d + 2\a\) + 4n 2 s~ 2 V. 

6.3. Nodal sets and negative eigenvalues of Pi,g s - We observe that an eigenfunction 
Wn' b f a lies in the nullspace of Pi, Ss if and only if 

(6.14) 2ir\n\s(d + 2\a\) + 4n 2 S - 2 <V - ^_l s 2 ^+ 2 = . 

16 

If we multiply both sides of the equation by — s 2d and set v = s 2d+1 , then this equation 
becomes the quadratic equation ^p-v 2 — 2ir\n\(d + 2\a\)v — 4n 2 n 2 = 0, whose unique 

positive root is v = |^ (2(d + 2\a\) + y/Md + 2\a\) 2 + 2d - ij . Therefore, W£ b f a lies 

in the nullspace of Pi,g 3 if and only if 

(6.15) s 2d+1 = (2(d + 2\a\) + ^jA{d + 2\a\) 2 +2d-l). 

Let us give a lower bound for v\(g s ), i.e., the number of negative eigenvalues of Pi, Ss - 
An eigenvalue fi(n, \a\) = 27r|n|s(d + 2\a\) + 4n 2 s~ 2d Tr 2 - ^^-s 2d+2 is negative if and 
only if 

s 2d+1 > (2(d + 2\a\) + VMd + 2\a\) 2 +2d-l) . 

In particular, for every integer n such that (2d + \J 4c? 2 + 2d — l) < s 2d+1 , the eigen- 
value fi(n,0) is negative. Moreover, such an eigenvalue occurs with multiplicity |n| |r r |. 
Therefore, we obtain 
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Proposition 6.5. There is a constant Cd > depending on d, but not on the sequence 
r = (ri, ■ ■ ■ , rd), such that 

vi{gs)>c d \T r \ S 2d+2 Vs>0. 

In particular, for every integer m £ N, the Yamabe operator Pi,g a has at least m negative 
eigenvalues as soon as s is large enough. 



Suppose now that s 2d+1 = gf^ (2d + V4d 2 + 2d - 1) , i.e., (6.15) holds for n = ±1 and 
a = 0. Notice that ^4±i contains only 0, so kerPi jSs U Hfj" is spanned by the functions 
W±x /o given by (6.10) where 6 ranges over ,B. Furthermore, the transcendence of 7r 
implies that if s 2d+1 = gfrj (2d + y/4d 2 + 2d - l) , then no element (£,??) G A' satisfies 
A(£,r?) = |£| 2 + s 2 |r?| 2 — M^-s 2d+2 = 0, i.e., no character X{£,r]) i s contained in kerP 1:9s . 
Thus the functions W±ifo, b £ B, form an orthogonal eigenbasis of kerPi. gs . 

Let us now look at the nodal sets of the eigenfunctions W^fo- It follows from (6.10) 
that W±ifo(x, y, t) = if and only if 

(6.16) d (yj ± is(xj + bj) 7 is) = for some j £ {1, • • • , d}. 

Moreover, by Jacobi's triple product formula, 

oo 

§{z, is) = Y[ (1 e- 2m7rs )(l + e 2 "^ e -( 2 ™-i)™)(i + e -2*7r* e -(2m-l)™)_ 
m— 1 

Thus, for z = w + isu, u, v £ K, we see that $(z, is) — if and only if there is m e Z 
such that e -( 2m -!)™ = _ e 2 "^ = e -27r S «+i7r(2^+i) ; that igj u and w are containc d i n 

i + Z. Applying this to u = Xj + bj and v = ±yj with (xj,yj) £ [0,1) x [0,r\,) and 

6j G {0, rj , ■ ■ ■ , 1 — r^ 1 } it not hard to deduce that 



(ife ± + bj), is) = \ 2 I \ i 3 



% ^ { 2 ' 2 ' ' ' ' ' r 3 ' ~ 2 } ' 



where [•] is the floor function. (Here Xj = ±(bj — i) — [±(&j — ^)] is the only element of 
[0, 1) such that ±(xj + bj) is a half-integer.) Combining with (6.16) enables us to get the 
nodal set of W±ifo. 

Summarizing the previous discussion, we have proved 

Proposition 6.6. Let s be the (2d + l)-th root of ^fzj (2d + V4d 2 + 2d - l) . 



(1) The functions W±ifo, b £ B, form an orthogonal basis of her Pi gs 



(2) The nodal set of W±± fo is given by the join 



|J l(x,y,t)£M;x j = ±(b j -±)- 



l<j<d 
KKr, 



Vj = l -\ 



Remark 6.7. Notice that the nodal sets of the eigenfunctions W±i /o are submanifolds of 
codimension 2 in M . 

Null eigenvectors and negative eigenvalues can also occur from the characters X((,,r])- 
To simplify the discussion we assume that d = 1 and r\ = 1 . 
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The eigenfunction X(£,-n) i s i n the kernel of Pi, g , if and only if A(£, rj) = which, 
according to Proposition 6.3, is equivalent to 

(6.17) 4 ^(|£| 2 + s 2 M 2 ) = ^-± s 2rf + 2 

16 

Although X(f,7/) takes values in S , we observe that X(£,rj) i s a nuu eigenvector if and only 
if so is X(-£,-ri) = X(£,rj)- Therefore, nodal sets to consider are Af($txt,v) an d N(^sxt,v)- 
Notice they are of the form Af(x, y) x [0, 1] where the last factor corresponds to the t 
coordinate. 

As r\ = 1 we see that £ and rj are in Z in (6.17). Accordingly, the values of s for which 
a function X(f,rj) nes m the kernel of P\,g, are given by 

(6.18) s 2 G {32tt 2 (7 7 2 + vV + £ 4 /(167r 2 )) :(,i)£z}. 

Here the dimension of the kernel is equal to the number of the pairs (£, rj) for which 
equation (6.17) has solutions for a given s £ 1. An elementary calculation shows that 
(£i, r]\, s) and (£2, %> s) can both be solutions of (6.17) if and only if £1 = ±£ 2 , ?7i = ±^2 
(otherwise 7r would be a root of a nontrivial algebraic equation). It follows that for 
solutions of (6.17) and (6.18) the values of £ 2 and rj 2 are fixed. 

Accordingly, the dimension of the kernel of Pi, g , is equal to either two (when (£, rj) = 
(0, ±6) or (£,77) = (±a, 0)) or four (when (£,??) = (±a,±o),a 7^ 0, 7^ 0). It is now easy 
to describe some of the corresponding nodal sets. 

In case £ = 0,7? = ±0, s = 4a, a £ N the eigenfunction is of the form sin27r(a?_/ + 6). 
Accordingly, up to translation in y, the nodal set is 

(6.19) [0, 1] x {k/(2a) : < k < 2a} x [0, 1]. 

In case 77 = 0, £ = ±a 2 , s = 2a, a £ N, the eigenfunction is of the form sin27r(a 2 a; + 6). 
Accordingly, up to translation in x, the nodal set is 

(6.20) W(2a 2 ) : < k < 2a 2 } x [0, 1] x [0, 1]. 



Finally, in case £ = ±a,T] = ±b,s 2 = 8(rj 2 + ^Jrf + £ 4 /4); a 7^ 0, b 7^ 0, there exist 
"product" eigenfunctions of the form sin27r(ax + 9i) ■ sin27r(6y + # 2 ) with nodal sets is a 
union of sets of the form (6.20) and (6.19). In addition, there exist eigenfunctions of the 
form sin27r(ax' + by + ff), whose nodal sets (up to translation) have the form 

{{x, y) £ [0, l] 2 : 2(ax + by) £ Z} x [0, 1]. 
6.4. The Paneitz operator. Let us now look at the Paneitz operator (2.3). We have 

(6.21) P 2 , 9s := A 2 s+0 ya'+^^|^A 9s i? 3s +^ii? 2 -2|5| 2 |, 



where S = 2 d-i (^ c g 3 ~ 2(251 9 s ) IS the Schouten-Weyl tensor and V is the tensor V 
|^yi? gs 5 s — 4S 1 acting on 1-forms. 

Using (6.3)-(6.4), we see that the Schouten-Weyl tensor is given by 

A ~ 8(2d-l) S ffs+ 2(2d-l) S ^ 

= -8(2,tl) s2<i+2 E (^c^ + s" 2 ^-^ 



CONFORMAL INVARIANTS FROM NODAL SETS 



21 



Observing that {dxjfgidxj , s 2 dyj(&dyj , s 2d 9®8} is an orthonormal family of (0, 2)-tensors 
we find that 

2 _ 16d^+18d+l 4d+4 
151 " 64(2d-l) 2 S • 
We then deduce that the constant coefficient of P 2 is equal to 

_ (2d + l)(2d - If - 4(16rf 2 + IM + 1) 4d+4 
1 ' 256(2d-l) 2 
The tensor V is given by 

We need to look at V as acting on 1-forms. The action of g a on 1-form is just the identity. 
The action of s 2d 9 ® is the orthogonal projection onto the span of 6>. Thus, 

CTA , 12 - (2d - l) 2 9H , 2 A „d+l 2rT1 ? 

8(2d-l) 3s+ 2d-l • 

Combining all this together we get 

Proposition 6.8. The Paneitz operator on M for the metric g s is given by 

P 2 , ge = A 2 , - Cl (d)s 2d+2 A gs + Z^^s'T 2 + c (d)s id+ \ 
where we have set 

, (2d+l)(2d-l) 2 ~4(16d 2 + 18d+l) (2d-l) 2 -12 
c o(d)-=(2d-3) 256(2rf , 1)2 and c ^-= s^,!) ■ 

Observe that Txterj) = an d T 2 W^' b f a = —2n 2 ir 2 . Therefore, we can use the spectral 
resolution of Laplacian A 9s given by Remark 6.4 and to get a spectral resolution of P 2 ,g s ■ 

Proposition 6.9. Assume M = T r \Md is equipped with the metric g s given by (6.1). 

(1) The family (6.11) for an orthogonal eigenbasis of L 2 (M) for P 2 .g s . 

(2) Each character X(f ,77) * s an eigenfunction of P2.g s with eigenvalue 

Xo^v? - c 1 (d)s 2d+2 \ Q (^v)+co(d)s 4d+ \ 

where \o(£,T]) is given by (6.12). 

(3) Each function W%' b f a is an eigenfunction of P 2t g a with eigenvalue 

Mo(n, M) 2 - Cl (d),s 2d +VoK M) + c (d)s 4d+4 - 4^jn 2 n 2 s 2 , 

where /xo(£, if) is given by ( 6.12). This eigenvalue has multiplicity |n| d |rV 
in H„. 

Set F n (jj,]s) := (i 2 - ci(d).s 2d+2 /i + c Q {d)s Ad+4 - 4^tJ_n 2 7r 2 s 2 . Then Proposition 6.9 
states that W%> b f a is an eigenfunction of p2,g s with eigenvalue F n (no(n, \a\);s). More- 
over, F n (n; s) is a quadratic polynomial in fx with discriminant 

S n (d,s) ~S (d)s 4d+4 + 16^jn 2 7r 2 s 2 , 6 (d) = Cl (d) 2 - ^(d). 
A computation shows that 5o(d) = \ 4 2d Zl ■ which is positive for d > 2. 



\a\+d- 
d-l 
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Assume d > 2. Then S n (d, s) > 8o(d)s 4d+4 > 0, and so F n (fJ,o(n, \a\);s) is a negative 
eigenvalue of P2,g s if and only if 



Mo(n, |a|) < i ( Cl (d)s 2d+2 + VlM) • 

As S n (d, s) > So(d)s 4d+i , we see that fj,o(n, \a\) satisfies the above condition if no(n, \a\) < 
i ( Cl {d) + ^5 Q {d)s± d +^ . That is, 

2ir\n\s(d + 2\a\) + 4n 2 s~ 2d ir 2 < - (ci(d) + y/ 60(d)) 



g 2d+2 



This is the same type of condition than that incurring from (6.14) for W n f^,' b to produce 
a negative eigenvalue of the Yamabe operator Pi,g 3 - Therefore, by using the same kind 
of arguments as that used to derive of Proposition 6.5, we obtain 

Proposition 6.10. Assume d > 2. Then there is a constant q > depending on d, but 
not on the sequence r = (ri, • • ■ , r ( i), such that 

V2{g s ) >c d \r r \s 2d+2 Vs>o. 

In particular, for every integer m € N, the Paneitz operator P2, g , has at least m negative 
eigenvalues as soon as s is large enough. 

7. Open problems 

7.1. Discriminant hypersurfaces in the space of conformal structures. Let M 

be a compact orientable Riemannian manifold. Denote by M. the space of all Riemannian 
metrics on M. Then one can consider the action on M. of the group V of (pointwisc) 
conformal transformations (multiplication by positive functions), as well as of the group T> 
of diffcomorphisms; we shall denote by T>o the subgroup of T> of diffeomorphisms isotopic 
to identity. 

The objects considered in the paper are invariant under the action of V , and equivariant 
with respect to the action of T>. Accordingly, it seems natural to consider our invariants 
as functions on the Teichmuller space of conformal structures 

M/V 
Im - -jr— , 

or on Riemannian moduli space of conformal structures 

in the terminology of Fischer and Monkrief, [FM1, FM2]. If M is an orientable two- 
dimensional manifold, then 7m (resp. TZm) is the usual Tcichmiillcr (rcsp. moduli) 
spaces. In [FM2], the space 7m for Haken 3-manifolds M of degree is proposed as a 
configuration space for a Hamiltonian reduction of Einstein's vacuum field equations. 

7.2. Hypersurfaces in 7m, TZm and rigidity of the nodal set. Consider a non- 
critical GJMS operator P^. Then its nullspace kerP^. is empty for a generic conformal 
class. Consider discriminant hypersurface Jik (in T or 1Z ), consisting of conformal classes 
with nontrivial nullspace ker P& 7^ 0. 

Conjecture A. The dimension of ker Pk is equal to 1 for generic conformal classes in 
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In that case, the nodal set and the nodal domains are well-defined. The following 
inverse (rigidity) problem seems natural: 

Problem B. Let g be a metric such that dimkerPfc ;9 = 1. Does the nodal set Af(<f>),<f) G 
kerPfc i9 , determine the corresponding conformal class [g] € Jik uniquely (up to diffeomor- 
phisms)? In other words, do our invariants separate points in Hk? 

The following weaker (deformation rigidity) version of the previous problem also seems 
interesting: 

Problem C. Let g be a metric such that dimkerPfc^ = 1. Does the nodal setAf(4>),<j> € 
kerPfc i9 , determine locally the conformal class [g]? In other words, can we deform a 
conformal class without changing J\f{4>) ? 

We remark that it seems quite natural to consider Problems B and C on the spaces 7m 
and TZm, since the action of V preserves the nodal sets, and their definition is equivariant 
with respect to the action of V. The first natural step in this direction seems to be 

Problem D. Let g be a metric such that dimkcrp^g > 1. Determine the tangent space 
T g H C T g M. 

7.3. Dimension of the kernel of the critical GJMS operator. For the critical 
GJMS operator P« on a n-dimensional manifold with n even, the constant function will 
always be in ker Pj± . We define the discriminant hypersurface T-L ™ in that case to consist 
of conformal classes where dim ker Pn is at least 2. It seems reasonable to 

2 

Conjecture E. The dimension o/kerP" is equal to 2 for generic conformal classes in 

It seems interesting to study the geometry and topology of the various Jik and their 
complements in the space of all conformal classes of Riemannian metrics on M . 

7.4. Negative eigenvalues and topology of spaces of metrics. Recall that it was 
shown in Proposition 4.6 that on any compact manifold of dimension n > 3, for any 
m > there exist metrics g for which the Yamabe operator P\ g has at least m nega- 
tive eigenvalues. We have also constructed examples of Riemannian manifolds for which 
there are analogous results for some higher order GJMS operators (cf. Theorem 4.8 and 
Theorem 6.10). 

Below we formulate the corresponding problem for conformally covariant operators 

Pk,g, k > 1. 

Problem F. Let k > 1, and let M be a compact manifold of dimension n > 3. Can 
we find for every m G N a metric g m on M such that Pk,g m has at least m negative 
eigenvalues? 

We remark that if the number of negative eigenvalues of Pk.g, k > 1, is uniformly 
from bounded above for every metric g on M, then the smallest such bound would be a 
topological invariant of M. 

On Yamabe-negative manifolds (which do not admit metrics of nonnegative scalar 
curvature), we know that in every conformal class there exists at least one negative 
eigenvalue of P\, g . For such manifolds, the following question formulated in [BD] seems 
natural: 
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Problem G. Let M be a Yamabe-negative compact manifold of dimension n > 3. Does 
there exist an integer mo > 2 such that in every conformal class on M , the Yamabe 
operator P\ g has at least mo negative eigenvalues? 

It is known from the work of Gromov-Lawson [GL, Ro] that on many manifolds of 
dimension n > 5 (and on some manifolds of dimension 4) , the space of Yamabc-positivc 
metrics (with positive scalar curvature, or equivalently without negative eigenvalues of 
P\.g) can have infinitely many connected components. 

On the other hand, Lohkamp ([Lol]; see also [Ka]) showed that the space of met- 
rics with negative scalar curvature is connected, and has trivial homotopy groups. The 
following question seems natural: 

Problem H. Let M be a compact manifold of dimension n > 3. Given integers k and 
m, describe the topology of the space of all metrics g for which the GJMS operator Ph,g 
has at most m negative eigenvalues (i.e., Xm+i(Pk,g) > 0). In particular, is that space 
connected? 

Finally, we mention the following conjecture due to Colin Guillarmou. 

Conjecture I (Guillarmou). Let (M n ,g) be a compact Riemannian manifold (n odd). 
Then there exists C > depending only on the conformal class of g such that 

dimkerP M < Ck n Vfc 6 N. 

Appendix by A. Rod Cover and Andrea Malchtodi. 
Non-critical Q curvature prescription. 
Forbidden functions arising from non-trivial nullspace. 

A.l. Background. Some literature and background concerning curvature prescription 
was mentioned in Section 5. Concerning the problem of prescribing Q = on even 

manifolds: in [Go3, Ma] it was shown that if the manifold and conformal structure is 
such that the related critical GJMS operator P» has non-trivial kernel (i.e., it contains 
non-constant functions), then global considerations show that large classes of functions 
cannot arise as the Q-curvature for some metric in the given conformal class. Due to the 
curious properties of Branson's Q-curvature it turns out that the arguments required in 
[Go3] are mainly of a linear or quadratic nature and benefit from a conformal invariant 
identified in [BG1, BG2]. 

The conformal prescription problem for the other ("non-critical") Q-curvatures is 
rather different (having polynomial instead of exponential non-linearities). Neverthe- 
less we work with the cases k ^ ^ here (so we exclusively consider the non-critical 
Q-curvatures) and show that there are again global obstructions to prescription of cer- 
tain functions, arising from the presence of non-trivial GJMS kernel. In the following k 
is an integer from the usual range for the GJMS operators except that we shall suppose 
henceforth that 2k ^ n (so k is a positive integer with 2k £ {n, n + 2, ■ ■ • }). 

Recall the expression (2.7) defining the Q-curvatures and that in the case k — 1 we 
have Qi = R g /2(n — 1), where R g is the usual scalar curvature. In general the quantity 
Qk in (2.7) is called the order 2k (non-critical) Q-curvature; for simplicity we shall refer 
to this as simply a Q-curvature. As in the body of the article, for Qk we may write Qk.g 
to emphasise the dependence on the metric g; we similarly treat related quantities. 
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A.2. The Problem. The Q-prescription problem is described in (5.1). The partial dif- 
ferential equation governing this follows from the conformal transformation of the Pk 
operator, as discussed in Section 2. We summarise the facts from there in a form conve- 
nient for our current purposes. 

For the conformal transformation of Pk, g we have 



2k-r 



(A.l) Pk,ge— "u = e — — u P Kg u, 

where g = e 2u) g, uj,u £ C°°(M, R). So if we take, in particular, u to be the positive 
function u = e 5 then e 5 "u = 1, and so we conclude 

(A.2) P kid l = u&%P ktB u. 

Putting (2.7) and (A.2) together we obtain the non-linear equation governing (5.1): 

/a nl /,„ , n — 2fc \ n — 2fc„ r»+2fc 

(A.3) \SS k ,gd+ — - — Qk,gj u = — - — Qk,gU*>- 2k , 

where u is an arbitrary positive function. This generalises the well-known scalar curvature 
prescription equation which is the k = 1 special case. 

A.3. Forbidden functions. Denote by C a conformal class of metrics on M. We are 
interested in what functions we can, or cannot, land on with Qk.g, where g £ C. Let us 
fix k and drop it from the notation. So henceforth P = Pk and Q = Qk for some fixed k 
with 2k £ 2Z \ {n, n + 2, n + 4, . . .}. 

A first obstruction one can obtain rather easily, as in [KW1], is that if for some g € C 
Q g has a given sign, then it is not possible to prescribe a function with the opposite sign: 
this follows immediately by integrating (A.3). We notice first that for the case k = 1 the 
sign of the Yamabe invariant 

jRgdv d 



inf 

?ec U <'<;,)- 

coincides with the sign of the first eigenvalue of the conformal Laplacian and determines 
uniquely the possible sign of the scalar curvature for the metrics in C. This is not the 
case in general for larger k, due to a lack of maximum principle. 

We have next the following observation, more peculiar to the presence of a kernel. Here 
and subsequently we write kerP g for the kernel (or nullspace) of P g . 

Proposition A.l. Consider a closed manifold M equipped with a conformal structure C, 
and let g € C. I/O^uG kerP g , then u is not in the range of Q. That is, u ^ Qg for all 
geC. 

Proof. Suppose with a view to contradiction that g € C and Q-g = u. Since g,g € C we 
have g = e 2uj g for some uj G C°°(M, R). 

Now from (A.l), if u S kerP g then eJ u £ ker Pg, where / = 2k ~ n iv. So, using that Pg 
is formally self-adjoint, it follows that for any function v 

ue' Pg~v dv-g = 0. 

Thus, taking v = 1, this shows 

0= — J ue^Pgldvg — J uefQg-dvg = J ue^udvg = J u 2 e^ dVg. 

This is a contradiction since u 2 e^ is a non-zero non-negative function. □ 
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More generally essentially the same argument shows that we cannot have Qg equal s u , 
where the latter is any function that has the same or opposite strict sign as u: Suppose 



with a view to contradiction Q 5- = s u . Then 



ue J 



J Pql dv-n = / uef S u dlK = I e^us u dv-g, 



9 1 "- u g 

which is impossible. Thus we have the following result. 

Theorem A. 2. Consider a closed manifold M equipped with a conformal structure C, 
and let g € C. Suppose there exists u G ker P g \ {0}. Then for any function s u on M with 
the same or opposite strict sign as u, s u is not in the range of Q. That is s u ^ Qg-, for 
aWg € C. 

Observe that if there exists u, as in the Theorem, then there is a huge class of functions 
satisfying the conditions on s u : for example e^u p where p is an odd positive integer and 
/ G C°°(M, K). We record this for emphasis. 

Corollary A. 3. If P g has non-trivial kernel then there is an infinite dimensional space 
of functions disjoint from 1Z(Q). 

A.4. Constraints on 7Z(Q). To prove Theorem A. 2 we used that given u G kerP s then 
for any g G C we have 



(A.4) J ue f Q g dv 



9 -o 



for some real function /, which depends on ~g. In fact if g = e 2LU g then / = "t, 2fc u, 
but the details are not important. The key point here is that e? is a strictly positive 
function, thus for u non-zero the display captures some non-trivial constraint on 1Z(Q) as 
demonstrated in Theorem A. 2 and its Corollary. 

Given elements u G kerP g and g G C, consider the linear form 1% : C°°(M, R) — >• M 
defined by 

/«(«) = / uvdvg Vw G C°°(M,E). 



Now let us fix some g G C, and for the moment also fix some u G kerP g . From (A.4), 
and the conformal transformation of the standard metric measure, we have that if v = Qj, 
for some jgC, then there exists j'gC such that 



(A. 5) / uvdvg, = 0. 

Thus 

K(Q)C |J Z(l£), 
g'ec 

where Z{I^ ) denotes the kernel of the map 1 9 . This holds for all elements of kerP s , 
thus we have 

(A.6) K(Q) C p| 



it'£ker P„ 



U z ^i) 

g'ec 



By definition 7l(Q) depends only on the conformal structure. On the other hand we 
had fixed g G C to describe the right-hand-side here. A different choice would result 
in each of the elements u 1 G kerP s being replaced by a positive function multiple e^u', 
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with the same function for all elements of kerP 5 . Examining (A. 5), we see that this 
factor eJ may be absorbed by moving to a conformally related measure. Since we average 
over all such in the right-hand-side of (A. 6) it is clear that in fact this function space is 
independent of g, and depends only on C. 

Since ker P g is finite dimensional and 1^, is linear in its dependence on u' £ ker P g we 
obtain the following refinement of the above. 

Theorem A. 4. On a closed conformal manifold (M, C) let g £ C. Then 

e 

K(Q)CI=[) \JZ(lC 

i—l g'£c 

where i = dim ker P g , and u\, ■ ■ ■ , ui is a basis for ker P g . Furthermore the function space 
T is independent of the choice of g £ C and the choice of basis {u±, • • • , ui}. 

An important special case is prescribing constant Q-curvature. This is related to the 
Yamabc problem which seeks to find within a conformal class a metric with constant 
scalar curvature. Note that if there is a metric g £ C such that Q g — constant ^ then 
it is clear from (A. 5) that any non-zero element of kerP g must change sign on M. But 
this sign change property is independent of g £ C. Thus by contrapositivc we have the 
following. 

Theorem A. 5. On a connected conformal manifold (M,C) let g £ C. Suppose that there 
is a non-zero function u £ kerP s that is either everywhere non-negative, or everywhere 
non-positive. Then there is no non-zero constant function in 1Z(Q). 

Remark A. 6. Note the result in the Proposition is interesting only if u, as described there, 
has a non-trivial zero locus. Otherwise if u is strictly positive or strictly negative then 
it follows easily from (A.l) that there is a metric g £ C such that Pg annihilates (all) 
constant functions and so the constant function is in 1Z{Q), see Proposition 5.8. 

A. 5. Final comments. Although we have focussed on the GJMS operators the results 
here apply more widely. We could replace the GJMS operators with any conformally 
covariant and formally self-adjoint operator P k (on functions) of the same conformal 
bidegrec and taking the form 

Pk = SS k d + Q k , 

(cf., (2.7)) with Q k non-trivial. Then the Q k prescription theory would mirror that above. 
Alternative conformal powers of the Laplacian, with these properties, are described in 
[Gol] (due to M.G. Eastwood and the first author). 

Similarly in certain circumstances the restriction 2k (£ {n + 2, n + 4, • • • }, on even 
manifolds, can be relaxed. For example this is the case if the manifold is locally confor- 
mally flat or if it is locally conformally Einstein [Go2] ; in both settings there is a class of 
differential operators which extends the GJMS family to these orders. 
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